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The splitting of the overtone levels of the Ty,, G,, and H, vibrations in
molecules with I; symmetry has been calculated by using the perturbation theory.
To do this it was necessary to establish beforehand the icosahedral potential,
employing the usual procedure in crystal field theory. The total splitting, predicted
by the group theory, is obtained when the anharmonicity up to the sixth power of
the coordinates is taken into account. Expressions for the intensities of the
infrared-active transitions of T, vibrations are also proposed.
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Das ikosaedrische Potential und seine Anwendung fiir die Untersuchung der
Anharmonizitiit in den Oberténen der entarteten Schwingungen von Molekiilen mit
Symmetrie I,

Die Aufspaltung der Obertdone der Schwingungen T,, G, und H, in
Molekiilen mit Symmetrie I, ist unter Verwendung der Storungstheorie berechnet
worden. Dafiir war es notwendig, das ikosaedrische Potential herzuleiten. Hierbei
wurde das iibliche Verfahren der Kristallfeld-Theorie angewandt. Die durch die
Gruppentheorie vorhergesagte komplette Aufspaltung erhilt man, wenn die
Anharmonizitét bis zur sechsten Potenz in den Koordinaten beriicksichtigt wird.
Es werden Ausdriicke fiir die Intensitéten der infrarot-aktiven Ubergidnge der
Schwingungen T,, vorgeschlagen.

Introduction

The harmonic approach has always been extensively used in the study
of molecular vibration spectroscopy. Nevertheless, this approach involves
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intrinsic limitations, even qualitative ones, which are evident in the case of
degencrate molecular vibrations. It is impossible, for example, to describe
the multipletical structure of the overtone levels of the degenerate
molecular vibrations suggested by the group theory [1].

The predictions of the group theory for such degenerate vibrations
coincide with the results of the perturbation theory, where the relevant
corrections are made to the different vibrational levels to allow for the
anisotropy of the anharmonicity belonging to each particular symmetry
[2-5].

In the case of icosahedral molecules the analysis by perturbation
theory has not yet been carried out. Furthermore, these molecules are of
particular interest because they not only have threefold degenerate
vibrations, like cubic molecules [1, 4], but also fourfold and fivefold
vibrations [1, 6-8]. The normal vibrations for the chemical species
B,H,,>~ with the icosahedral symmetry are distributed in the following
manner, according to the symmetry: 2A, + Ty, + 3T}, + 2Ty, + G, +
4H, + 2H,, among which only T,, is active in infrared and A, and H, are
active in Raman.

In this paper we consider the anharmonic effects in the overtone levels
of the Ty, and H, vibrations of icosahedral molecules that are active
spectroscopically, and also the G, vibrations, in order to include all
possible cases of degeneracy. )

We started from the potential of icosahedral symmetry in order to
calculate the necessary corrections to be applied to the vibrational levels.
This potential does not appear in the literature and consequently we had
to calculate it ourselves. The expressions thus obtained may also be used to
calculate the splitting of the crystal field in coordination compounds with
icosahedral symmetry.

Theory
The Icosahedral Potential

Following the usual procedure in crystal field theory to obtain the
icosahedral potential, we distributed twelve unit charges at the vertices of
a regular icosahedron, as shown in Fig. 1. The centre of the icosahedron
corresponds to the origin of a system of coordinate axes that, as well as
being orthogonal, are equivalent and thus coincide with three twofold
rotation axes [9]. This system of axes can be seen in the upper and frontal
projection of the icosahedron in Figs. 2(a) and 2(b), respectively. With
such a system of axes and bearing in mind the geometrical relationships
within an icosahedron [10], the cartesian coordinates of the twelve
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Fig. 1. Spatial arrangement of twelve unit charges at the vertices of a regular

icosahedron
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Fig. 2. a upper and b frontal projections of a regular icosahedron

numbered charges will be, according to Muetterties and Wright [11], as
follows:

A1 (1,0,0); A2(— 1,0,0); A5 (0,0, 1); Ay (0, 1,0); As (9, — 1,0); Ag (0,
=0, 1 A(—9,1,05A50,0, — 1);A5(1,0, — ¢); A (0, — 9, — 1);A,
(—— (P; - 17 0)7 A]2 (‘ 17 0: - (p)u
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where “@” is the golden number, 1 + (5)"/2, and where the coordinates
have been normalized such that the half-length of the edge of the
icosahedron is equal to unity.

We then positioned a charge in the interior of the icosahedron at the
point P (%, y, z) so that the potential at this point has the general from:

Vo y L M

where 1; is the distance from the point P(x, y, z) to each of the twelve
vertices of the icosahedron. The expressions r; for each vertex as functions
of the cartesian coordinates are the following:
n={x-D+yY+C- 0 n={G+ Y +y+e- o}
P=+ -+ - DY n={x—o+ @G- D+
s={x-0)+ @+ DA =+ e+ - )Y
p={xt+ o+ - DA g= -0+ e+ DY
=i~ DY @+l = e+ @+ )
=i+ ol + G+ DA =+ DY 0
2
These twelve expressions can be grouped into three series, according to
their functional form. In this way, series A contains (1, 1y, to, I}), Series B
(13, 14, 13, T1g) and series C (ry, 15, 14, r17). The identification of these three
series permits us to express (1) in cartesian coordinates with far greater
case, because it is only necessary to carry out the explicit expansion for one

of the twelve terms in order to obtain expansions for the other eleven terms
of (2). Thus, 1/r, will be:

1 1 ? 2x 202 "
_=_<L b 2X 202 3)
rn R[\R R R

where R = (1 + ¢?)", as can be seen in Fig. 2 (a) and bearing in mind that

2 = x> + y* + z%. Expanding the brackets, which is the power of a
polynomial, leads to the result:

LLE R B )Mo () (e -
SR OOE (T 6
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If we add the terms (1/ry, 1/1,, /19, 1/1,) for the four members of series
A, those terms that contain odd powers in cartesian coordinates will
disappear since they are equal and opposite, and the remaining terms will
be repeated as often as there are members in the series. The expansions for
series B and C are just the same as that for A, except that in series B z is
substituted for x and y for z, and in series C x is substituted for y and y for
z.
Once the expansion of the 1/r; expression has been carried out, as
described above, and the twelve terms reunited and bearing in mind that
—k wfk—h—-1 .
h =(-1) h the subsequent expression for the
icosahedral potential can be written:

12 33

Vi)=—-— S+ 0+ 28+ 31+ To )Py + y22t + Ax*
0= ~oegr® Ty T2 ( )XY +y )
+3(1 - T70)x*y + v+ 24 + 90Xy A + L. (5

The first term of (5) is a simple geometrical constant invariant to K,
and thercfore to more symmetry operations than those contained in the I
group. The second term of (5), however, is only invariant to I, and,
therefore, implies the anisotropy of the icosahedral symmetry in the
expression of the potential. To use this potential as an anharmonic
correction for the degenerate vibrations of molecules with I, symmetry we
can omit the constant term of (5) and also the constant coefficient that
multiplies the brackets of the second term and those which multiply the
higher terms; all these latter coefficients will be included in the
corresponding constants of anharmonicity, so that, by taking into account
only those terms up to and including the sixth power, the expression (5)
can now written:

VY, ) oc xS+ y0+ 25+ 3(1+ To ) (Py* + y?2* + %%
+ 3(1 . 7@)(X4y2 + y422 + Z4X2) + 9OX2y222 (6)

By changing the variables into spherical coordinates and expressing
the results as a linear combination of spherical harmonics, the expression
(6) will be:

105\ " 1 21\”
V(, 6, ¢) oc 1° {(72*) 66— (D" Y& — (3) Y, + Y60} 7

in which we have made use of the normalized spherical harmonics in real
form, Yj, and Yi,, defined by Bradley and Cracknell [12].
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We have confirmed the expression thus obtained for the icosahedral
potential since we were able to identify its sixth power term with one of the
basis functions of the trivial representation of I, which we obtained as
described later on this paper.

Zero Ovder Eigenfunctions and Selected Perturbations

The eigenfunctions for the stationary states of the isotropic harmonic
oscillator in “d” dimensions have the general form given by Louck [13]:

lPv,ld_l,..,l1 T, 04-1,..,0) = Rv,ld_l(r) Yld,l,..,ll (Og-1,--,01) ®)

with a purely radial part, Ry (r), and another part which depends only
on the generalized spherical harmonics on a hypersphere of d — 1
dimensions, Y; . 4 (04-1,-.,0)), known also as spherical
hyperharmonics. Such eigenfunctions, the explicit form of which is given
by Louck [13], must be invariant to the transformation of the SU (d) group
[14].

The parameter “d” can have a maximum value of five, since that is the
highest possible degeneracy of the molecular vibrations [1]. Thus, for
threefold, fourfold and fivefold degenerate vibrations of molecules with I,
symmetry d equals 3, 4, and 5, respectively.

When d =3 the eigenfunctions (8) are those of the isotropic
aharmonic oscillator in three dimensions, invariant to SU(3), and are
more widely known as functions of the surface spherical harmonics [15]:

Py (1, 6, 0) = Ry (1) Yi (6, ¢) ©

where the significance of the vibrational quantum number, v, and of the
radial variable, r, remains the same, while I, = 1 and 1, = m are now the
quantum numbers of the total angular momentum and of the component
of this in a arbitrary direction, respectively, and 8, = 0 and 6, = ¢, are
now the angular variables of the functions.

In K, the cigenfunctions have to be bases of its irreducible
representations and the use of the eigenfunctions (9) is restricted to the
case of the D;, vibrations of the sphere, whereas in its subgroups
symmetry-adapted linear combinations of them can be used for Ty,
vibrations [4]. Therefore, our approach for T, vibrations of I;, molecules
has been to start from the eigenfunctions of the unperturbated levels of the
isotropic harmonic oscillator in three dimensions, as a zero-order
approach. The angular parts of these eigenfunctions have been replaced
by symmetry-adapted linear combinations of these parts. To do this, we
have used the operator defined by the expression

n
Pl = Tg‘i ; D (R); Tx (10)
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[4,4> H
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15,5> T,
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Table 1. Zero-order eigenfunctions for T,, vibrations of 1, molecules
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Table | (continued)

State Eigenfunction
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Table | (continued)

State Eigenfunction
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S b IR LTS T L E L ST L T

where DF (R); are the elements of the matrices of the representation I'y. In
order to make use of this expression the explicit matrix representation of
the I;, group [16] must be available beforehand. The eigenfunctions
obtained in this way are shown in Table 1. They have been tabulated as far
as v =7 as they come in use later in the calculation of the perturbated
eigenfunctions and the intensities of the active transitions in infrared for
such T, vibrations. The states have been denoted as |v,1 > I', where “v”
and “I” have the same significance as above, and T represent the species of
symmetry of the state associated with “v** and “17.

We have identified the eigenfunctions up to v=4 with those
irreducible icosahedral tensors of fourth rank that are not zero when their
expressions are transformed to spherical coordinates [9].

For G, and H,, vibrations we could have followed a process similar to
the one described for T, with the aim of obtaining eigenfunctions that
could be used as a zero order approach in the calculus of the
perturbations. In other words, we could have taken as radial parts of the
eigenfunctions those of the fourfold and fivefold isotropic harmonic
oscillator, and as angular parts symmetrized linear combinations of the
spherical hyperharmonics in three and four dimensions. Nevertheless,
assuming that the icosahedral potential (7), which will act as a
perturbation on all the vibrations of icosahedral molecules, is defined in
only one eucledian three-dimensional space, we decided to use the radial
parts of the eigenfunctions of fourfold and fivefold isotropic harmonic
oscillator as the radial parts of the eigenfunctions for the G, and H,
vibrations, since these are the only known radial parts and symmetrized
linear combination of surface spherical harmonics as angular parts. Such
linear combinations imply the molecular anisotropy in the eigenfunctions.
This process has been used before in the study of degenerate vibrations of
molecules belonging to other point symmetry groups [3—5] and can be
justified on the basis of Wigner and Eckart’s theorem [17-18], which states
that the matrix elements obtained with such eigenfunctions must be



The Icosahedral Potential 995

proportional to the ones obtained starting from the true eigenfunctions. It
is thus possible to include the different proportionality contants in the
corresponding anharmonicity constants.

According to the group theory [1], the succesive overtone levels of any
particular vibration must split into as many states as there are irreducible
representations resulting from the reduction of the v'? symmetrical power
of the irreducible representation of the first excitated state. We obtained
the angular parts of the zero order cigenfunctions for the G, and H,
vibrations of Ij, molecules by methodically constructing the bases for the
irreducible representations which result from the reduction of [G}] and
[Hg], respectively. These bases have been symmetrized using the operator
defined by (10), starting from the basis {Y$,, (3/8) [0 Y33 — ¢ 2 (3) ™~

$1.G/8) [= 07 Y5 — 0’ G YHL G/ [= B) " Y + Yaol) of
Gy and {Yy, Y57, Y5} of H,.

The zero order eigenfunctions completed for the G, and H, vibrations
appear in Tables 2 and 3, respectively. For H, the notation |v,1 > I" has
been retained and although the parameter “1” does not have the same
significance as in Ty, it nevertheless allow us to unambiguously relate
each state of such H, vibrations to that of the D,, vibrations of the sphere,
from which they come through descent in symmetry. It also allows us to
identify perfectly the eigenfunctions that must be associated with them. In
this case of the G, vibrations only the notation |v > I" has been used since
their parentage with the D5, vibrations of the sphere is of fractional type
and, consequently, different mixed values of “I”” will appear in the same
eigenfunction.

The anharmonicity that will act as a perturbation of the harmonic
model for all the vibrations of I molecules will be as follows:

AH:Br4+ 6+ 7 2.6 105 (S l/zY'c _ 21 C
(AR s 66 — (71" Yeu X Yo + Yoo

(In

where the third term of equation (11) is the sixth order icosahedral
potential, obtained in the above section and the first and second terms
have been included because, if they are invariant to Ky, they will also be
invariant to its I subgroup.

Results and Discussion

According to Tisza [1], the succesive overtone levels of the T,,, G, and
H, vibrations of I, molecules must split as follows:

68 Monatshefte fiir Chemie, Vol. 117,/8—9
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Tlu Gu Hg
IAg Ag Ag
T, G, H,
27— 27 = 2 =
[Tlu]—Ag-I—Hg [Gil=A,+ G, +H, [Hil= A, +G +2H,
31— 3 3
[Tlu]_T1u+T2u+Gu [Gu]+Au+Tlu+T2u [H ]_2A +T1 +T2g
+2G,+ 1, +3G,+ 30,
Table 2. Zero-order eigenfunctions for G, vibrations of 1, molecules
State Eigenfunctions
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Table 3. Zero-order eigenfunctions for H, vibrations of 1, molecules

State Eigenfunction
10,0 a, 00 = Roo¥oo
(a) c . (b)_ s . (0)7 c | (d)_ & (e)_
11,2> Hg P11 Ryy¥ag o0 ¥y = Ryg¥ons Yy = Ryg¥ays ¥ip7= Ryg¥ous ¥ip = Ryg¥ao
12,00 4 a0 = Ryo¥ao
(a)_ o 3o . §BI_ g 48 . L&) o g ()| ys (o)
12,2> Hy Y3 = Rpa¥ans ¥yp7= Rop¥ans ¥a3'= Ryp¥ors ¥ap = Rop¥yys ¥ap'= Rypl¥yg
(p)_ g coyla) AL -3 - ey®
20, v, BB, v, ey, Dt hin g, - e
{r)_ 3 e -lgc i (s) 1 3.8
Y35 22(71)2{«(2+¢ Y7)” 2Y43 L VPRI PP 22(12) {(5)°? Y + (7) Yyo?
) 3 L) e
12,4> Hg ¥, 22(75) {~(7) Y + (5) Yyots gy = Ry¥y,
{e)! H] s lyy® . (d)' 1 3yc <
¥y, = 22(72‘) {*(7) ‘PY 43 " (3-0 /Y411 H 22 = R22(24) {¢ (7) Y43 + (3*¢)Y41)
(e)! S8, (Zydys s
Y3500 Ry (P T0 (DY, - 1y,

Such splitting have been confirmed by calculating the perturbations
produced by the anharmonicity (11) in the different vibrational levels.
Thus, it has been sufficient in all cases under consideration to calculate the
first order correction alone. Higher order perturbations, apart from being
of a lesser magnitude than the former ones, do not produce any further
splitting out merely confine themselves to displacing the previously split
levels.

First order perturbation of the pr* and yr® terms achieves only a
splitting of vibrational levels in the spherical symmetry, but their
corrections will have to be born in mind since their magnitudes are
important in the calculations. All the splitting inherent in the icosahedral
symmetry is achieved when the corrections produced by the first order
perturbations of the term v’ r° {(105/22) % Y§s — (7)” Y&, — (21/2)”

Yo} are introduced into the energy values.

The calculation of perturbated energies have only been made up to
v = 3 for the Ty, vibrations, and up to v = 2 for the G, and H, vibrations
because at and beyond these levels the splitting inherent to the icosahedral
anisotropy is observable.

In Table 4 the expression obtained for the perturbated energies of the
stationary states of the Ty, vibrations of I; molecules and, as a part of
them, the ones corresponding to the D, vibrations of the sphere are
shown. As can be observed on descending in symmetry from K, to I, the
state [3,3 > D3, of the second overtone of K, is split into states |3,3 > T,

68*
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Table 4. Energies for the perturbated levels of T,, vibrations of 1, molecules

State

Kh Ih Energy
3 15 10
10,0> Do {0,0> Ag Shy o+ 8y
S 35 315
f1,4> Dy 11,1> Tiu 2 hv o+ —I-B + S5y -
N (22Y)2
12,0> Dy, 12,0> &, Z by “77,5“5*9*%5" [yt=(=2) 3y ]
6 6
12,22 Dy, 12,2> H, Tne « 83 s B8y
9 11 1827
13,1> Dy 13,10 1, N
13,3> Ty, %hv + 979 8 + -E—1287 Y - 6oy
13,3> D
3u
9 99 1287
13,3> = 3 hv o«

B+~ v o+ 45Y"

Table 5. Energies for the perturbated levels of H, vibrations of 1, molecules

State

Ky Ty Energy
i
lo,0> by lo,0> A %hv +§4§s +3_SSY
7 63 693
l1,2> ng j1,2> Hg —Z—hv * B+ g
9 119 1827
i2,0> D0g |2,0> Ag 7 by o+ el Sl
9 .99 1287
12,2> D), l2,2> Hy Fhy =58 o« gy
12,4> Gg % hvy  + %; B+ l%gl ¥+ 45 ¥
>
12,4 Dy
\2,4>Hg 211\1 +9TQB +1—28§l*{ - 36 y"

and 3,3 > G, with contributions of — 60y” and 45y” and relative weights
of 3 and 4, respectively. Thus it can be seen how the “centre of gravity” or
“centre of energies” is maintained.

In Table 5 the perturbated energies corresponding to the H, vibrations
of I, molecules and the D,, of the sphere are shown. On descending in
symmetry from Ky, to Iy, the state 12,4 > Dy, of the first overtone of Ky is
split into the states [2,4 > G, and [2,4 > H, with contributions of 457"
and — 36y" and relative weights of 4 and 5, respectively, maintaining once
again the “centre of gravity”.

In Table 6 the perturbated energies for the G, vibrations of I
molecules are shown. In this case the “centre of gravity” is not maintained
since, as we said before, the parentage of these vibrations with progenitors
D,, of K, is of a fractional type. In fact, each state of I in a particular level
lv > I comes from the partial contributions of the different states of such
levels in K.

We have also calculated the perturbated eigenfunctions of the Ty,
vibrations of I, bearing in mind the first order corrections introduced by
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Table 6. Energies for the perturbated levels of G, vibrations of 1, molecules

State Energy
TE;X; 2hv v 68+ 247
H>Gu 3 hv + 12 8 + 60 v+ %)_ yn
l2>4, 4 hv + 24 B + 168 v+ 2§§§° yu
|2>Gg 4 hv + 20 B + 120 y+ i%%%ﬁ o
l2>H, 4 hv o+ 20 8 + 120 y+ lggégo yo

Table 7. Perturbated eigenfunctions for Ty, vibrations of 1y molecules

State Eigenfunction

P 5¢6)} Loaoyd
\0,0>Ag ¥90= Yoot 4(6) b ¥, .- 5(30) b v40

1 1
[t,1>1, vgﬁ’y=z)= vif’y")+ %(1o)zb wéf’y’z)— £(70)% wgf’y’z)

5o vk, v - Lea1o)E
[2,0>Ag Yy0= Yoo~ Z(é)ﬂb Yoo * 7(5)2b Y40 g(21o) b ovgo
12,250 (a,b,c,d)e)< (a,b,c,d,e)+ 2(14)%b (a,b,c,d,e)—
g ¥y = Yo 4 a2

- fayip yfaibicadie)

(x,y,2)_ ,(x,v,2)_ 7 5, J(x,y,2), M ook (x,y,2)
13,17, Yoy s ¥ - I(IO)Zb ¥y1 + 7;(7)2b Yoy

3 4 (x.y,2)
- 3(42)7b Yoy
EY
2

(i,3,k)_ ,(i,3,k), 33
13,3>T,, Y33 =¥ + 5H2)

(i,j,k)_ 3 i (1,3,K)
33 b Yoy g(zz) b .,

(p,q,r,s)_ ,(p,q,r,s)_ 3 3, L (pia,r,s)
13,3>6, ¥33 = ¥ga - 5(22)% Y3

8
b= 5y

the term B r* of (11), which are of great magnitude. Thus we have obtained
perturbated eigenfunctions up to v = 3. The results obtained appear in
Table 7.

Finally, we calculated expressions for the intensity of the vibrational
T, transitions of I; molecules active in the infrared, using the perturbated
eigenfunctions calculated above.

We made these intensity calculations using Einstein’s coefficients
defined as:

| _8n’ gy,

TN CP I, (12)

n

where g, and g, are the degeneracies of the upper and lower levels of the
corresponding transitions and {i is the dipolar moment operator. To
evaluate the matrix elements (¥, |{i|'¥, >, or transition moment, we broke
the dipole moment operator, {i, into its three components {l,, pi,, pi,}. We
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expanded each of them in power series, bearing in mind that each term of
that expansion has to be a basis of the same representation to which the set
of coordinates {x, y, z} is associated. The expression of these components
of the dipole moment in a linear combination of spherical harmonics is
given by:

L ‘/’r . +HV21<2>“/15 Go—Do. 09", ©@=ID" ,
He=H . 4 6(14% " g ¥ 42 S

F LA N o) (6 ) N (L C ) ) L I
b= Hh 4 \eayt BT T IR g T

v — —
An 217" o 565" e L
HﬁH’(?) Yo+, — i~ 4~ (21) Yo7 st
(13)

From these expressions we have only retained the contributions given
by the first terms, since those given by the second ones are four orders of
magnitude less than these of the first ones.

In this way we have calculated Einstein’s absorption coefficients, B,
for the fundamental and the second overtone transitions, obtaining the
results shown in Table 8.

Table 8. Einstein's coefficients of Ty, vibrations of 1 molecules

3.-1 -1 -6
Transition Bnm(ms molec ").10

f1,0o1, -10,074, 5 (1= 2 )%

\3,1>T1u-\o,o>Ag

All the radial matrix elements neccesary to our calculations have been
evaluated according to Shaffer [15] and Shaffer et al. [19]; nevertheless, we
had to evaluate the angular matrix elements ourselves.

Conclusion

In conclusion we feel able to say that we have obtained all the splitting
predicted by the group theory for the overtone levels of the Ty, G, and H,
vibrations of molecules with I, symmetry; in the first case up tov = 3 and
in the rest up to v = 2. To achieve this we had to establish the sixth power
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icosahedral potential beforehand, employing the usual procedure in
crystal field theory. We also had to elaborate zero order eigenfunctions
consisting of a radial part, which will be that of the isotropic harmonic
oscillator in three-, four- and five-dimensions, depending on whether they
are Ty, G, and H, vibrations, and symmetry-adapted angular parts.
Furthermore, we have obtained expressions for Einstein’s coefficients,
Bom, of the active transitions in infrared for Ty, vibrations of molecules
with I symmetry.

References

1 Tisza L (1933) Z Physik 82: 48
| Lopez JJ, Arenas JF (1981) An Quim 77: 21
1 Lépez JJ, Arenas JF (1983) An Quim 79: 168
| Fernandez M, Lopez JJ, Arenas JF (1983) An Quim 79: 670
| Lopez JJ, Martinez N, Arenas JF (1983) An Quim 79: 687
| Weber W, Thorpe MF (1975) J Phys Chem Solids 36: 967
1 Boyle LL, Parker YM (1980) Mol Phys 39: 95
| Cyvin BN, Brunvoll JB, Cyvin SJ (1984) Spectrosc Lett 17: 569
1 Boyle LL, Ozgo Z (1973) Int J Quantum Chem 7: 383
] Lewis BJ (1899) A treatise on crystallography. Cambridge University Press
1] Muetterties EL, Wright GM (1967) Q Rev Chem Soc 21: 109
2] Bradley CJ, Cracknell AP (1972) The mathematical theory of symmetry in
solids. Clarendon Press, London
| Louck JD (1960) J Mol Spectrosc 4: 298
] Baker GA (1956) Phys Rev 103: 1119
5] Shaffer WH (1944) Rev Mod Phys 16: 245
6]
7]

(1
[2
3
[4
[5
[6
[7
8
[9
0

il
[
[1

Fernandez M, Lopez JJ, Arenas JF (1985) An Quim §1: 311

Wigner EP (1959) Group theory and its applications to the quantum
mechanics of atomic spectra. Academic Press, New York

[18] Eckart C (1930) Rev Mod Phys 2: 305

[19] Shaffer WH, Krohn BJ (1976) J Mol Spectrosc 63: 323

[1
[1
[1
[1
[1



